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In quantitative~sc1'ences, such as phys&ics, specfal concepts and* %_‘g ;, %% ggi
assoc1ated pr1nc1p1es are ]og1ca11y the bas1c building b]ocks of the knoﬁ PR z
1edge used to deduce important consequences, make pred1ct1ons, and sO0lve .
prob]ems However, mere definitions of concepts or statements of princi- °* .
_ples are psychologically ,far too primitive building b]oc,ks to permit the¢
‘performance of complex inte.lllectual tasks.
To be functiona-lly useful ,. a concebtual buﬂding block (or "concept
- schemd™) must include 'a concept eccompanied by the .ancﬁ]ary knowledge o .
needed to make the concept effectively usable. 1In particular, this know-
« ]ege‘ must be sufficient to ensure ;tnat the concept can be used reliably, ,
j.e., without errors or ambiguities; ea_sﬂ_y:n&.ragidlx, so that use of the
concept leaves adequate attention and tim2 available to deal with other
aspects of complex tasks; and flexibly, so that the concept can be used
reliably in diverse and unfamiliar contexts. Similar comments can be made '
about a pr’gnciple relating previously &efi.ned concepts. s o T

“The ancillary knowledge, required to make a concept or principle
effectively usable, is*far from trivial. Striking evidence supporting this
statement comes fro;n several recent studies.]"7 N These show that many
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. students, after having studied’physjcs concepts and been familiar with

them for an appreciable tﬁne)may-nevertheless Tack the ancillary knowledge

4

* needed to use such concepts reiiab]y, Correspondihgly; they exhibit major
ﬁisconceptions and ehrors.c S

The‘precedjng comments indicate the importance of analyzing and ex-
plicating the ancillary knowfedge required to make a scientific concept or

principle affectively usable. ‘Such an anajysis, discussed in this. paper,

¢

is interesting and useful from several points of. view: ’ -
(1) From a. scientific or psychological point of view, such an analysis

lhe]ps make explicit uanr]ying knowledge which is necessary (although not

sufficient) .for any scientific problem so]ving.8’9 It also helps reveal .

-

important knowledge which is often "tacit", i.e., which is possessed by

o

experts without their cornscious awareness of its ekistence: Final]&,‘suéh
an ana]&sis can help te predict hany of the d%fftputties and errors exhibi-
ted by inexpetienced students. . ' ’ 3 : N
(2) From the practical perspect1ve of teachers, such an ana]ys1s can
help to 1dent1fy important knowledge essent1a1 to students understanding
and learning of concepts or pr1nc1p}es. Accord]ng]y, it can_he useful for . .
o diagno8ing and minimizing thé difficulties experiencad by many sthdents:

Furthermore, it can provide the basis of explicit instructionaﬁ methods for

\ -

M

teaching concepts'or’principles more effectively.
] (3) From-the practical perspeetjve of students, such an analysis can.
/“6}hvide guidelines for studying toncepts more effectively and can thus help
students to acquire shme jmportant genéral learning skiﬂls B ' .
As the analysis in the following pages indicates, the bhsmc anci]]ary
know]edge requ1red to make a. concept or principle effect1ve1y usab]e is

remarkably large (although it is commonly possessed by any expert). This

<
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is one reason why the learning of a new scientific concept is a difficult
3 . . ¢ °

task for students.

- «

Kinds of Concepts and Associated Ancillary Know}edge

The simplest kind of concept is a particular "eptity{.(e.g.{ "the ~
sun"). Any one member of a specific set of such partiouLar entities (e.g.,
"tr1ang]e", a "particle", ...) is then a "generic concept" -or "variable".

T A "property" is a more complex k1nd of coné{pt used: to describe one
or more other concepts called the "independent variables" described by the
property. This description is achieved-by associéting a unique.vaiue of-
the property for any poss1b1e set_ of values of the 1ndependent variables. 10
(If the property is'a "quant1ty", its values are numbers, otherW1se they
i may ‘be members of any other spec1f1ed set ) For examp]e, "area" is a pro-
perty descr1b1ng a surface by assoc1at1ng a part1cu1ar va]ue (a positive
“real nuober) to any member of a set of entities called "surfaces". S1mi:
1ar1y, “color" is a property describing an object by assdciating-a partxcu-
lar value (one of the set of concepts "red", "yellow", "green", ...) to
any object. As a last example,. "ve]oc1ty", is a-concept descr1b1ng Jo1nt1y
. a part;o]e, a:r reference frame, and a time by assoc1at1ng a vector1a1 numer-
ical value to any particle for any ref@rence frame and, for any. time. The

particular independent var1ab]es descr1bed by a property are 1nd1cated by

LR

preceding prepositions: For examp]e, one speaks of the area of a surface'

H

or of the color of an obJect;,or of the velocity of a particle relative to

a particular reference frame at some specified time.
The discussion in the fo]lowing pages will deal predominantly with

property concepts since these are centrally important to provide the’

k3
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'_descriptions needed in ény sciencé The analysis of the anci]lary know-
) ledge requ1red to make a prbperty concept effect1ve]y usable 1nc1udes ‘as

-

"a subset, the anc11]any know]edge for @ simple ent1ty concept. Further-.
« o
.more, as discussed 1ater, the ancillary knowledge for a property concept 1s

hd -

essent1a11y the same as that for a principle. . S, ¢
The most 1mportant anc111ary know]edge, requ1red to make a concept .,
effect1ve]y usable, is that required to i ntergret the concept appropriately.
This knowledge, summarized in Tab]e 1 and d1scussed in the next three sec-
tigns, includes that needed to specify the concept; to achieve. this s?eei- .
fication in various particular instances, and to do this without committing.
errors of interpretation., The other kinds of ancillary knowledge (e.g.,
knowledge about basic implications, know]edge about alternative symbdlic
represéhtatibns,éndguide]tnes about when and how to use the concept) will |
. not be discussed further ip this ﬁaper: In§tqu, the anaTy;is of the
ancjl]ary knowledge nee?ed for concept i;terpretation will be used to potnt‘
- - out some practical implications for the teaching of scientific concepts or

-+ principles.
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’ - Specification Knowledge

As indicated in Table 1, the most basic know]edge'required to inter-
pret a scientific concept is that needed to épecify the- concept fully and

unambiguously. The iﬁpertant components of this "specification knowledge"

are now discussed in turn. : S
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Specification of a Concept ° . -

: - . S .
Ultimately the -meaning of any scientific concept must be -specified by

explicit rules (e..g, definitions) which ensure that the concept is unam-
« h

biguously identifiéd so that it can lead to clearly interpretable -

scientific knowledge. The fo]lowing'ways of specifying.a concept are éil

~ useful--summary descriptions because they are compact and easily remembered,

informai descriptions because they clarify the essential meaning of a.gon- -

, cept, and procedural specifications because they provide the most. detailed.

. specification. ’ roo

-

. Summary description. A summary description of a concept is useful

o

because it provides a brief and precise statement. of the meaning of thé‘_

goncept a statement wh1ch can be easily remembered and usedas the starting
AN

N\
. point for more complete elaborations. A typical examp]e of such a sumpary

o . 20 ) ' - -
description is the formal statement-3 = dx/gitﬁ:hich (defines compattly the

coricépt "acceleration” (denoted by a) in terms of the velocityy and the
time t. . ’

.‘M —

- Informal_descriptions - An informal description of a concept is useful

because it specifies the:essential meaning of a concept without undue pre-

cts?on or excessive details. By foccusing attention selectively on a few

-
- -
P

salient features, an informal description can help in refating a concept

-

to more familiar knowledge and in netrieving the concept in complex situa-
\t%ons. Indeed, such qualitative informal descriptions (and methods of

successive refinement which proceed from qua]itative to more detailed des- °*

cr1pt1ons) caﬁ%ée Very usefuJ tn fac111tat1ng prob]em-se]v1ng tasks. 8,9,11

For examp]e, the accelerat1on of a part1c1e may be desgriped 1nforma1Ly

by statements such as "acceleration is the rate of change of ve]oc1ty W1th

time" or acce]eratlon is a quant1ty descr1b?ng the small change ofa *

.
» “

. ‘7 . 6
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Jpartic]e's velocity durindg a small time". Such ﬂtatementz are adm1tted1y

o

rather vague, but. they make quite c1ear what essential quant1t1es are

a

- 1nterre]ated by the property "acceleration” and when this property might

T
*

% be relevant. Vv _
¢ . “a

Procedura]’specificaiion, The precediné specifications of a concept,

whether, formal or informal, are descripti¥e (or "declarative"), i.e.,

~

éxpressed in terms of statements asserted to be ‘true. A ver& important -
alternative way of specifying a concept is by means of a step-by-step
Qrocedur specifying how to identify or, exhibit the concept. Such a

* , "procedura] specification” prov1des the most explicit and detailed spec1fq-

’

» cations of a concept. ,It also has fundamenta1 scientific 1mportance as an

£os

operationa] definition whtch specifies what one must actually do to decide

whether ‘a concept is properly identified. ,

. i . !
" These -remarks can be exemplified by the following procedural specifi=-
IR

cation of the concept. ™ acce]erat1on"”‘(]7 Cons1der a spec1f1ed part1c1e P,

. o

-

(2) At some specified time t, consider the velocity of v of P relative to

[
¢

some specified reference frame R. (3) For comparison, consider some néﬁgh-
buring time t'-= t + At and conS1der the velocity iA of the particle P at.

this.time. . (4) Find the velocity change Ay = - v by subtracting vec-.’,

M o
torially the old velocity X}from the pew velocity y'. (See Fig.-l.) (5)
Calculate the ratio ay/at. (6) Verify that the time t" has been chosen

. . . . N .
sufficiently <lose to t so that a closer choice, making At smaller, would
9 ' : '

Teave the ratio ay/at unchanged-within the desired precision of description.

»

rat1o as the concept of interest and name it the "acceleration of P rela-

_ tive to R at the time t".

N In this case denote At by dt and Ax by dx (7) Identify the resdlting. "

13
»

N

—
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~ translating a formal description into a corresponding pnocedure )

as that shown in Fig. 2b. But such difficulties disappear if students have

. learned the procedure specifying how to identify or find the component of

Insert Figure 1 about here - .

.
---r------G-’---’--ﬂ--v-_--
-

-

The B?eceding procedural speeification makes abundantly.c1ear the

many comﬁieﬁities involved in.the definikion.of the concePt "acceleration",

comp]ex1t1es which are 1arge1y h1dden in the formal descr1ptive specif1ca~

t1on a= dx/dt. Indeed, the d1st1nct1on between a procedur%l spec1f1cat1on .
and a formal descr1pt1on 1s str1k1ng]y apparent in pract1ce For example,

when students are asked to f1nd the acceleration of : a pendulum- bob" at the \

P
‘

extreme pos1t1on of 1ts swing, where its ve]oc1ty is Zero, many students

say that the acce]erat1on is zero. Most of-them cqntlnue to make this

claim vociferously, even when they are specifically asked to use the‘defi— ’ )

n%tion of acceleration, written out e§p13cit]y as a = dx/dt = (x‘«x)/(t'-t): )

& ; ‘ . LA .

But when these students.are asked -to follow the steps of. the procedure
- o ) . 7 ".‘ \

specifying the dcceleration, they change their minds and realize that the :

19

. » . .
acceleration is non-zero. .(0f course, experts are much more skilled in .’

-

As another example when novice students are asked to find the compon-

a .

ent of a vector V along some spec1f1ed d1rect1on i, most can eas=1v answer . .

this question when the direction iis ?horizontat?, as shown 1n Fig. 2a.

* <

On the other hand, they_aften’have difficulties in more general cases, such

@ . . ‘ 1

a, vector a]oné some given direction. The reason is that such a procedure

does not meref} rely on the recognition of a familiar pattern. (Instead, . '
it/identifies the component By the_genera] nrocess of drawing, fron:the 2
ends of the arrow representing the vector V, lines parallel and perpendi- ’

.

cular to the given direction i.)
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" hétp avoid m1s1nterpretat1ons and errors. - .

. Specification of Concept Values . : <"

o

- ]
of a concept.

Insert Figure-2 abbut here}
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As the preceeding examples 111ustrate, 1t can be pedagog1ca]1y very No

useful if students are asked to exp1a1n the meaning of a concept by

o . L) r .

specifying an'appropriate procedure.. , ' ' o dy‘[

Applicabifity . conditions. A deta?ﬂedcprocedural specivication helps

make apparent the condnt1ons under wh1ch a concept may 1eg1t1mate1y be

<
]

applied. Such app11cab111ty cond1t1ons must be.madecqu1te exp11c1t to

L3

.o For example, the concept "acce]eration" can be applied to é“Y'E%iEir"
cle, but‘not indiscrimipately to any.sjstem of particles (a‘mistéke some-
times'committed‘by stodents) ‘iianother examp]e the concept "potent1a1
energy“ must be accompan1ed by the applicability cond1t1on specifying that
this concept can be used only for interactions described by conigrvat1ve )

) . {

forces (i.e., forces which,do work independen% of the process pétween states,

>

of a system.)’ - ' ) s

4 “,, | S . ~

Y M )
v, R r

[
of

3

The specification of a concept implies a corresponding specification

of its values. ' Although such a knowledge about values is relatively simple,

it needs. to be made explicit. if errors are to be avoided. Table 1 and the

folTowing parqgnéphs outline the most important_ knowledge about the values

v B .
N v -t

. . . )
Valuez ingredients.” The value of a concept ‘is ordinarily specified by

several ingredients, i.e., the elemehts needed.to specify the type of value

and the units needed for specification. For example, the concept




v

"acce]efation" has. vaThes which are vectors, The. elements needed to <,

spec1fy this type of va1ue are a "magn1tude" and a "d1rect1on" ° The units

- 4 -

-

are "meter/secondz" . . C . - .
. . . g ' -

In f;e case of va]ue specification, as well as in more comp]ex cases
. d1scussed later, the use of exp11cit symbolic express1ons1s an 1mportant
aid. to ensure correct usage of a concept For then mere adherence to _
proper symbo]1c)form {or "syntax") he]ps automatica]]y ensure tﬁat a speci-
fication is cumplete and correct. For example, an. *p priate symbolic
express1on for a value of the concept “acce]era tion" is "{magnitude with
¢« unit of length/time } along (Q1rect1on)" Here anyehing enclosed between

triangular brackets 1ndlcates a "s]ot" to be filled by. an “nstance of the

spec1f1ed k1nd of-ent1ty For example, a correct va]ue spec1f1cat1on of

an acce]eratTon might be "1.6 m/s along the northern d1rect1on". &y con- .

2"

trast, a value spec1f1cat1on such as "1 6 m/s wou]d be i ncomg]et ard

thus amb1guous because the slot about direction has not been filled in.
Y -4
Similarly, a va]ue specification such as "1.6 m/s a]ong the northern direc-
. ¢ ’ . : .
tion" WOLﬂg be incorrect because the slot for uhits has been filled by the.

wrong kind of unit. SRS .
4
* 4

Possible values. Proper value specification requires also knowledge

[

about the domain of possib]e values of a concept (e'g., knowledge, that the

- N

concept "kinetic energy" can assume 741 non-negative numerica] values.) K
know]edge of t zp1ca va]ues is also va]uab]e for making qualitative-predic-

tions and checking the so]ut1eu> of’prob]ems. For example, it.¥s usefu] to

know the typical values of the acceleration have magn1tudes of the order of

a few meters/second2 for falling objects or~acce1érating cars.

- .
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.h Spec1f1cat1on of Independeht-Var1abkes . e L ‘ *
u 3 ' Bas1e’<nd4pendent var1ab1es The. spec1f1cat1on of a property concept
' ’ 1mp]1es a correspond1ng knowledge of all the bas1c 1ndependent yar1ab]es - o

needed to spec1fy th1s property complete]y Such kde]edge can be subt]e :

and needs to be made qu]1c1t to avo1d 11ke1y errors and amb1gu1t1es. .

R

For examp]ex the concept "accelerat1on" is a property(used to descr1be : ,3]

. a part1c1e at %ome part1cu1ar time re]at1ve to some partlcular reference
V‘ /-
frame Hence comp]ete spec1f1cat1on of the concept "acce]erat1on )

— T S,

requ1res a spec1f1cat19n of a]] the fo]]ow1ng 1ndependent var1ab1es, name]y

'S

'"partlcle", "¢ime", -and "reference frame". Failure to spec1fy any of:- :“’”’} L

these tndependent var1ab1es Teads to amb1gu1t1es (i.e., 1o un1que value” . -7 9.

Q

could. then be ascr1bed to the acce]erat10n, nor could statements about th1s

concept be judged true or false). For 1nstance, the statement that "the

]

acte]erat1on of a ball at some 1nstant is 10 m/s- downward" 1nvolves an .. ° »

L]

1ncomp]ete.spec1f1cat1on of the acceleration because of fa11ure to:spec1fy
IN & i . " N .

- a‘referencé frame. Thus the statement is ambiguous; e.g., it might be trife o
N . if the earth is used as a‘reference frame, but false if the referépce frame

~ ~
AN

. is an élevator'moving relative to the earth.” -~ . - ) .

L]
a et . M -
’ P .

An explicit know]edge of all the basic 1ndependeht var1ab]es needed. ?

- ~"

.to specify a concept unambiguously is very 1mportant to the proper 1nter- 'r - !~
-pretat1on of a concept. (Indeed, deficiencies in sugh knowledge.lead to .
many common confusions observed among. students.) The use of explicit

symbo]1c express1ons is again a powerful a1d for ensur1ng that a property\
) concept 1s specified comp]ete]y and correctly. For examp]e, the word

]

‘“accelerat1on“, by itself, is really mean1ng]ess. Instead, the adequate]f *:\1

.

. o . .
- defined concept is the one denoted by the fu]l expression "the acceleration
‘ ~ of {particle} at (time) relative to (reference frame)", where each entity ( l

’
v « - |

i ° .
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’

between angular brackets denetes a s]ot to be filled by a variable of the

spec1f1ed kind. oo _ ——

C e~ .

Cons1stent use of full synbo]1c or verbal express1ons can great]y he]p

LY

students (and occasionally even experts) to avotd_fuzzy 4hinking and thus
to prevent many errors or conqu'ions.]2 For example,-talking about the -

: : & . . L. P
"velocity of some ball at some particular time re]at1ve to some particular
y ‘

.reference frame" focuses explicit attentton on all relevant ent1t1es On._
; the*gther hand, when talking b]1the1y about the "veloc1ty of a ba]]" .
*'tudents are often 1ead to assume\¥:appropr1ately that the ve]oc1ty 1s '

re]a ve to the earth (S1nce spec ication of a reference frame has been e

# S

spec1f1catton f,a part1cu1ar t1me has been 1gnored) \ DL

' :1‘\ Another example, 11]ustrat1ng the importance of compJeteospecifica—
N ,

,f tions,. is prov1ded by the concept of "force" In physics this concept'is

used to descr1be the interaction betweenqpart1c1es and requires, . there.ore, ) f‘ *

the specification of at ]east tiwo part1c1es Accordtngly, the symbo]lc

express1on for force is of the forﬁ "force on (partlcle) by (other parti-
- c1e)" where it is €ssential that both slots .be proper]y f111ed Indeed,:

toabelp students avoid errors and confu51ons, it is very usefu] to 1ns1st

" that Students never use ‘thevord "force" unlkss followed by.the phrase "on

-

8

3.fpbx_...“, Insistence upon use of‘thfs fun expression_auoids'the lay

,: *concept1on of force as an 1ntr1NS1c property'1nherent 1n an ObJeCt, as
’g/ -~ . )
expressed by phrases: such as "force of an gbdect" It he]ps to avoid con- .

¢

t.

.+« fusions between "action" and "reactwon"’hf these h1stor1ca11y hallowed ™

A 6 . * 0
) w0rds are d1scarded in favor-of the much c]earer\expre551ons "force on A -

4

by*B" and "force 6h-s by A": ‘It also helps to avoid students' inappropriaté

. inchation of non-existing 1'centrhaetal“ or "centrifuﬂal“ forces produced
A - ¢ - : .

by‘no dfsce%nib]e objects: , - i .
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Re]evant properties of independent variables: As indicated in Tablel,

it is important to know not only which basic independent variables are
needed to spicify a given concept but a]so which particu]ar properties of
these variables are (or are not) required for a complete speCification

For exampie, as’ mentioned preVious]y, the baSic independent variables

neéded to speCify a "force" are the particle on which the force acts and

L]

. the partic]e _x_WhICh it is exerted. But not all properti s of these par-
ticles are .relevant to this specification. For instance, the\positions of

the particles are relevant and must be specified. On the other\hand, the

&

colors of these particles are irrelevant, as are their velocities (for— ‘ -.

t
»

ordinary central forces). . T - o, : - -
Note that the preceding knowledge, needed to explicate what particu]ar

parameters are (or are not) re]evant to a spec1fication of a given concept,

is far from triv1a1 Indeed, it implies important understanding of func-

tionai dependenCies or invariances in situations where the concept is

pertinent.é _ Y ' . -

. . R
§ ,
. P
v . . .
;

Instantiation

In principle, the know]edge required to speCify a concept adequate]y,
as discussed in the preceding section, is sufficient to interpret the con-
cept. But this knowledge, a]though essentia], is too genera] and abstract
to -make the conceptveffectively,nsable in practice. Thus it is also . “%
necessary to know how to “instantiate" the’concept, i.es, how to.apply the .
concept re]iabiy in various possib]e‘kinds of specific instances.' (Indeed; .

°it. 1s a familiar fact that many students, even when able to state the
. ’

definition of a concept may be quite unable to apply this dé%g\ition in

I

. .
Y . ’ . ‘.
“ . .

particuiar cases. ) KR )
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és indicated in Table 1, the knowfedge needed to instaﬁtiaté\a concebt

involves the ability to do the following: (1) To identify or exhibit the

©

concept for various possible values (or re]ativéﬂva]ues) of the ﬁﬁdependent '

variables or of their properties. {2) To do this in various possible sym- ’

-bolic representat1ons e. g , in words, in pictlres . (d1agrams or graphs), )

[N

-or formal mathematical symbo]1sm v o
For example, the acce]eration 3 (defined by a = dx/dt)-invo]ves'a'
comparison of the velocity y of .a particle at some ;pecifigd time t énd of
its ;eiocity v o=y +dyat alfligﬁtly later time t' = t + dt. 'Adequate‘\

, instanyiatiop°knéw]edge then reguires the ability to apply the cdncept
"acceleration" in the following kinds of cases, des¢ribed verbally as well

as pictorially: (a) The new velocity x' has the éame direction as the - -

original velocity ¥ but a larger or smaller magnitude, as ipaicated in
Figures 32 and 3b. The ‘acceleration a has then, respectively, either ‘the
same or opposite direction compa;ed to the véT@Ciiy‘xg (b) The new velocity
v' has the same magnitude,as v, but a different direction, as indicated in
’Figure 3c. The acEe]ération has then ac;irection perpendicular to the - Jﬁ
velocity ¥. (c) In the Wost general case, ﬁhe-new‘veloéity y' differs

from y jn both magnitude and direction, as indicated in Figure 3d. The
acceleration has then a direction égg paralle] to-the ve]écity x,.but toward

the concave sidg of the particle's path. < _ 4

R

Being able to identify and use various pdssib]e instances of a concept

'is sometimes far from trivial. For example, it often takes students a long

3

time to understand-that the imnocent-looking definition a = d!/dt of the
» ‘ ~
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{4 . ,

concept "acceleration™ encompasses all the various cases illustrated in. ,
. ' L L , ~ : )
Figure 3. T . . .

*t

Error Prevention : g Bt

Bl

Human beings are prone to errors.. The reliable interpretation of a

? . A e Pt — o . —n M——-...T-‘a-:,

, concept requires, therefore, a]éo:édeqdaie knowl edge toﬁpféyent er}ors
,i.e.;'knoﬁledge to avoid 1ikely errors, to detect such errors whén tﬁéy

¢

have been gommi tted, aﬁd to correct thep qppropriate]y. N
As indicated in Table 1, such error-prevention knowledge includes
explicit warnings or “caveats" about errors Jiﬁé1§ to occdf in the appli- ° s -

cation of the concept; knowledge abou}/how to discriminate any such error

v from the correct Situation; and the use of explicit symbolism designed to >
help qvoid-such errors. -

/ . ¢ \ ¢

{  _Marnings about Likely Errors .

-

Reliable performance on any task is obviously faci]itafed if one is-
’ explicitly forwarned about 1ikely errors and gk;fa]]s. Such errors may be B -
identified by actual observations of commonly made errors. A theoré&tically

more intgresting approach—is to use an a-Eriorf analysis to predict many

’

of the kinds of errors likely to occur in the use of any newly épcdhntered

«

concept. Such an analysis must take into account the characteristics of

— ’ )
the particular concept, i.e., the previously discussed know]edge required - o
for the specification of the concept. It must also take into account tﬁe' ' P

characteristics of the person using the concept, including the persons'

<

preexisting knowledge. The results of such an ana]ysis are briefly out-

Tined in Table 2 which indicates_somg of the most common basic errors
13

likely to 6bcur in the application of any concept.

-
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The ]1ke]y errors listed 1n Table 2 correspond to errors in the vari- .

ous kinds of spec1.1cat1on know]edge summar1zed in Tab]e 1 The fol]oW1ng

———— e b s e b

paragraphs d1scuss and exemplify the most 11ke1y of these errérs The

; ~first“th’of'these'are gross ‘confusions which result if a concept is T
&
identified by relying merely on the recognition of some salient features,
2o .
rather than bylagplying explicitly the rules specifying the meaning of the

concept.

A )

Confusion of a coacept with another cdncept denoted by a similar symbol

(1nc1ud1ng lay term1no]ogy) Such a cohfusion occurs because a superficial

similarity of symbols causes a fa11ure~io_dwscr1m1nate between-diffefent—- : s
concepts. qu example, the scientific concepg "acce]erat1on" (denoting the s
vector dx/dt describing the vectorial changéygf ve]ocity) is likely to be
confused with the fay term_"acce]eration"\?dsed.in everyday life“to'denote .
rough]& the rate of increase of speed with time). As another example, con- -
cepts such as "kinetic energy", "potential energy”, and "energy"-may easily R

be ctonfused because their names all inclyde the same worK "energy".

Confusion of a concept with another éoncept describing a different

feature of the same situation. Such a confusion is cause? by a faj]ure to ’
discriminate between related concepts which occua’freauently in the same .

context. For example, "acce]eration“ and "velocity" are likely to be a .
confused because both these concepts describe tha mption of a particle,

although different features of. such motion.

Errors in specification rules. Even if a detailed rule or procedure
-~ 4 a

is used to identify a concept,. an error in some part of the rule can lead

-

\ to misidentification of the concept. There may be many such possible
\ = . ' R -\,‘. ’ .

AR oo e
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errors since one or more steps in a specification rule may be omitted or

wrong.

- A

\ " For example, the procedural specification of the concept "accelera-

o

tion" involves a substraction x‘ v of ve]oc1t1es at s]1ght1y different

T JUE Ay o

v

times. If th1s vector1a1 subtract1on is confused with a numer1ca1 sub- . .

3 P et et

traction of magn1tudes a wrong concept (the rhte of change of speed dv/dt)

is identified. o -

:
. . . . g 0 .

Errors in applicability conditions. An example of such an error would = = ™

>

be the-attempted use of a potential energy to cescribe‘interaction due to-
friction forces (since the concept of potential erergy is only applicable

in the case of conservative forces). )

RS

)

»A_panticu1ar1y~common:error-ﬁnuachtcabiJity~66hditﬁonéwéccuré;ﬂhenV
a concept, describing a specie] case, is inapprdprtatehy extended tc'g more .
gefieral case where it is not valtd. Such confusions cf scecial cases hith-
general cases are particularly f%kely when the speciel case has an appea]- .

ing simp]icity and has ‘been encountered first in one's learning experience.

For example, students often encounter the concept "velocity" first in the

B

'3
41mp1e special case of uniform motion along a straight line when the velo-

city may be simply def1ned by the numerical ratio s/t (where s is the dis-
tance traveled during the time t).. It is then predictably likely that .

students will subsequent]y ccnfu§e this definition'bf'the concept with the_
general concept of "velocity" defined as the ggctgr dr/dt (where-dr is the

1nf1n1tes1ma1 d1sp1acement dr during an 1nf1n1tes1ma1 time dt) R

Errors in specification of values. Errors in the spec1f1cat1on of the

values of a concept occur when some of the 1ngred1ents_negessary to specxfy -

a value are omitted or wrong, or becausé impossible values dre attributed

. . f
to the concept. Such-errors’'are easy to avoid, although common among novice

-
* .
F) . - .
] -

©

o ” - N ¢ @
a , . ‘
.
. .
Y s 0y .
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students. The following are examp]es os such errors: Describing the value

Py

of an accelerat1on by spec1fy1ng a magn1tude '#ithout a direction; specify-

ing the value of a potent1a1 energy WTth the wrong un1t "newton"; or i

e et 81 i i e
- — -

> _ —-xcating that-the-value-of—a k1net1c energy is negative.

o 5 Errors in specification of independent variables. A very common kind

of error results from the omission of some of the independent’variables

required to specify a property concept.'fThe consequences are an incomplete

©

specification of the concept and concomitant ambiguities; théie can often
€

lead to troublesome confusions and sefmingly pe}p]exing paradoxes. The
. . . A
following are examples of such omissions: Talking about an accelekation

-

W1thout specifying the_ referenceMftame_relatave—toewh1ch—qt*ﬂs measured,__,________ﬁaa_

__._--—-——r—’— «

talking about a potent1ad,enerngW1thout~spec1fy1ng the 'standard position’

$from-wh1ch 1t js measured; or talking about a force w1thout spec1;§1ng

the object ex:rting this force. . : s = oo

Discriminations. * . ‘ . ‘ '

e . -

rIéble_zﬁand_the_pneceding-commentsmhelp%tp_identiiy~1ikely;epnops

‘which must be avoided {f a concept is to be used reliably. Hence it js )
.essential. to be able to discriminate between any such error and the correct,
application of tbe concept.. To acquire the ability to make such .discrimin-
ations while learning an unfamiliar concept, it is useful to comgére’exb1i-
dit]y the error (and its conseqqehces) with the correct situatiop. ' Dis-

tinguishing features, characterized abstractly as well as exemp]ifiea iﬁ

specific cases, can then be made exp]1c1t]y apparent so that t they can be

e~

read1]y recognized and heeded ‘ o

Y

As an example, consider the error involving the confusion of the

concept "acceleration" with the concept "velocity". Explicit comparison of

©

18
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these concepts 1eads to the know]edge needed to discriminate between them. = P

[N

In particular, the two concepts are character1zed by the fo]]oW1ng d1st1n— o =

S
gu1sh1ng f\atures The acce]erat1on descr1bes the rate ofmchange»of;--m-ww' --*7“f

velocity, whereas the ve]oc1ty descr1bes a rate of change of position; -also e

the unit of acce]erat1on is méter%secondz, whereas the unit of velocity is \\\\

ey

~—

meter/second. Specific examples i]1ustrat{EE\d?sfinctigns\hetween these
concepts are the following: The accg)eraticn.can be zero while~the,velo-
ctty is non-zero (e:gl, for motion with constant velocity); the accelera-
tion can be non-zero while the ve]ocity is zero (e.g., at the highest point

of a ba1l. thrown vertically upward), and the acceleration can be constant

- T P EATND T

——— —while the ve10c1ty 1s chang1n"Le g s for.a freely falling object). ] -

A ‘knowledge of such discriminations for each likely error is an X

-

important part of the ancillary knowledge needed to make a concept reliably
usab]e; 0

w ‘\.a

'Helpful Symbolism

3
a - »

A “cwerful—aad—for—preventTng—errors—Ts—the~TntroductTon—and“use—of

appropriate symbo]ism; for then strict adherence to symbolic form can
S automatically help to avoid many errors. | ‘ N

~As a trivial example, confusion between the concept "velocdty" (a
vector) and the cbhcept "speed" (the magnitude of the ve]ocity) can be
minimized by consistently using the letter v (printed in boldface type or
underscored by a squiggly line) to denote the vector represent1ng the
F:E&« ve10c1ty, while using the unadorned ]etter v to denote the number repre-
senting the speed. ‘ .

o> . R /
Much more jmportant examples of helpful symbolism invoive the use of

standarized symbolic expressions with "slots" indicating explicitly all

A\ >
\

19 g -
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- the kinds of information that need be supp11ed As preV1ously d1scussed _ CT

and exemp]1f1ed such symbo]1c express1ons can be used to indicate expli-

“citly all the 1ngred1ents needed to spec1fy the value of a concept or all

’ o e

the independent variables needed to spec1fy a property Cons1stent use of

such symbolic forms can great]y help to avo1d many errors of omission or

’ -

- commission in the application of concepts. . .

1
v

~. - -~
-

. App]ication to Principles

::::?i\>>\\\\\ The preceding® sect1ons discussed at some length the anc1]1arm~know- . . ;

~.

\ .
]edge‘neeged\fp\interpret concepts (e g., properties such as "acce]erat1on",

-

"notential energy"s—...). The preceding discussion can be readily extended R

to principles expressing important_velations between previously defired

. ’,»-‘ ’ . . ’ ) s ’
. concepts, (e.g., the principle &K # W re]ating."netic\egergZLendcwork, or o

the gravitational force law F = Gm],mZ/Rz). ~ _\“\‘-~\N;\ s
. . , . voN h N
Indeed, any valid relation between concepts can be regarded as a \\\\\\\“‘f
. - { . :
. "truth property" (or “pred1cate") which asserts that the property has the .

<
value "true" whenever ‘the va]ues of the concepts are related 1n some spec- .
1f1ed way. With minimal modifications, the ancillary know]edge needed to

1nterpret a pr1nc1p1e is thus the same as that out11ned in Table 1 for any

property concept.

Thus Table 1, . when applied toaprinciple, asserts that the specificaf'

tion of the principle can be achieved by a_forma] summary descripﬁjon (such o _;
_ - as an equation), by informal qnalitatiVe statements, or' by a detailed pro- ‘
; cedure which Epecifies what must be done to-determine that che specified -
| . principle ds true. The specification of the value of a principle is trivial,

, ) 0 . L3 3 . N -
i.& , this vdlue is simply -"true". The specification of Independent
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which néed be spec1f1ed and the spec1f1cat1on of the re]evant properties

o

ereof. (For example, in the-case: of«Newton s~mot1on~pr1nc1p]e*ma“*“F

¥

thé basac 1ndependent variables are some spec1f1ed particle, some other .

~

‘b particle with which it interacts, some specified time, and some specified

' . inertial reference frame. a-The relevant properfies of°these independent

)

variables are the mass m of this part1c]e, its accelerat1on a‘at this t1me

v ey

re]at1ve to the specified reference frame, and the force F on this particle
by all other particles 1nteract1ng with it. ) These remarks should suffice

. to 1nd1cate that our entire previous discussion is equa]]y app11cab1e to

4

concepts as we]] as to pr1nc1p]es re]at1ng previously defined concepts.
- + * .v '.\

-

. : Implications for Learning,or Teaching

’ The preceding sections have sought to identify and exp]icaie the

-

anc111ary knpwledge requ1red to 1nterpret scientific concepts or pr1nc1p1es

The discussion has made apparent that this ancillary knowledge 1s quite.

large and extends considerably beyond mere definitions of concepts or
statements of principles. Such knowlgdge is commonly possessed by any
expert, a]though he or she may not be consciously aware of its existence

or abl to art1cu1ate it explicitly. On the other hand, the acqu1s1t1on

\y

- of "such kno edge by students is a demanding task.

The. following paragraphs outline br1ef1y the difficulties faced by

AR

students trying to le n:unfan111ar concepts or pr1nc1p]es. ‘Then they ‘

istructional methods exploiting the analysis of

— explore the prospects of i

, the preceding sectjons to, teach~concepts aad prinicples more effectively.
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Learning. D1ff1cu1t1es ) ' . ' - A <,\~’~\

-

. Anyone trying to 1ea§n an unfamiliar sc1ent1f1c concept or prznc1p1e

N —T T e e

‘faces epprec1ab1e d1ff1cu]t1es. Some of these are due to intrinsjc. charac-

teristics‘of such scientific concepts or pr1nc1p]es: (a) As discussed in -
the preceding sections, the know]edge required to interpret and apply such
a concept or’ pr1nc1p1e is. cons1derab1e and sometimes subtle. (b) This
know]edge often demands met1culous attent1on to deta1ls and requires fine
d1scr}m1nat1ons to‘achtegenthe unabmiguity requ1red for accurate sc1ent1f1c
predictions. ; . ' . o

-

Other difficulties are characteristic of the person5in.the role of
stugent try1ng to,learn new concepts or prwnc1ples. (é)‘A student brings
to a learning situation many concepts and pr1nc1p]es acqu1 ed in daily dife
on.from more formal Prior 1earn1ng exper1ences. Hence' the studeit's pre-
existind knowledge mus t oe appropriately modified or transcended‘before

new concepts or principles can be used without'confusion and integrated

"into a new knowledge structure. (b) A student, unléss thoroughly versed

in scientific thinking, approaches learning from\the vantage point of daily -

1ife where concepts or princip]esyare adequate1y~ﬁsefu1 even if tney are
specified vaguely and somewhat 1ncons1stent1y Hence\everydayuconcepts
(e.g., "chair", "co]or",...) are often adequately spec1f\ed by reference

to prototypical cases wh1ch can be readily recognized or used for approx-
mate comparisons. By contrast, scientific concepts need to be specified ‘
by e;p11c1t rules to ensure that they have unamb1guous meanings. The 1edrn-
ing of scientific' concepts is-thus a demand1ng task, rather d1fferent from '

the learning of concepts in daily 11fe, ana is corresponding]y duite d1f-

ficult for novice students unfamiliar with this mode of learning.

[}
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ing d1ff1cu}vtes7 ’ o s .

had

" " How effective are common ‘teaching methods in dealing-with th?se learn-

Methods common]y used to teach concebts or pr1nc1p1es involve present-

ihﬁ\a\neu concept or principle, exempltfywng “the concegt or principle in

, A
some specia] caseg,and then providing’students with practice in applying

the concept or prtnctp]e in “various situations. Throudh'a process of

e . .

trial-and-error 1earn1ng, students then o:igﬂally learn to avoid mtstages
el

“and to use the concept or pr1nc1p1e more. 1ab1y

-
£

months(oreven years) of using a sciéntific copcept, or principle, many‘
students still exh1b1t gross misconceptions, confu51ons, and other persis-
tent er‘r‘or‘s.];7 Furthermore, although students may nominally be familiar
with certain concepts or princip]es; they often do not feel comfortab]e to
- use them spontaneously as inte]lectual too]slfacilitating their own‘thinkf
‘ ing. ‘

. Teaching App]tcattons .

The analysis. in the preced1ng sect1ons indentifies various kinds of
1mportant ancillary know]edge required to make a concept or princip]e '
effectively usable. h]S amalysis can be used as the baS1s for 1nstruc-

R tional methods which teach such ancillary knowledge‘exp11c1t1y. It can

)

also help to diagnose the causes of students{ obserVed\eirors and difficul-
] ties. B : ’

The following paragraphs outline some suggested teaching methods based

on this analysis. Although these suggestions are tentative and based on

limited evidenge, they. provide a systematic approach»syjtable for funthér

study and improvement: . . .

ERIC 3

There is con51derab1e evidence'that such teaching methods are neither'-

very efficient nor effective. Indeed, after formeT\ﬁnstruction,and after "

.

-
v ouny
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S . Teach1ng particular cancepts. A véry. common instructional aim is to T

teach. students particular scientifig concepts or pr1nc1p1es (e.g., parti-
4

cu]ar.concepts such as "acce]erat1on"). The ancillary knowledge summarized
in Table 1 can then be used by an instructory textoook,'or other instruc-

» . T

tional medium to mg}e explicit the anc{llary knowledge required to inter-

_; - —_Jpret the particuTar concept of interest. (For example, the instructor*can .
identify what part1cu1ar 1ndependent var1ab1es are necessary. to Specify

L X

*fully the concept "acce]erat1on", or the 1nstruct0r can 1dent1fy ‘the 11ke1y
) error caysed by confus1on between the concept "accelerat1on" and' the con- {‘-
cept "ve]oc1ty" ) ° Systematic instruction then invo]ves teaching students ‘
explicitly these specific k1nds of anc1]1ary knowledge at the time when "
the unfamiliar concept is f1rst encountered 'Indeed the entr1es listed .
.in Tab]e 1 can easily be converted into- spec1f1c_gug§§1pns which any stu- .
dent‘should ‘be able to answer about the particular concept (e.q., questions
such as "what iswthe procedure used to specify the meaning of the concept"
| acceleration?"). . ‘
Not on]y nust one ensure that studénts disp]ay exp]1c1t fam1T1ar1ty N
with the various k1nds of anc111ary knowTedge about. a concept but aiso

. that they actually !§2.tﬁ15 knowledge when app1y1ng a concept. (For ’

examp]e, students shou]d sponianeously answer questnons about the acce]er- .
ation by app1y1ng tha procedure used to def1ne this concept ) It is

. advisableé that students acquire and comsolidate thi’s ancillary knowiedge . 4

about a concept 1n the context of relatively S1mp1e questions dnd exercises .
Unly aftervards should they be asked to apply the concept in ‘more complex N
¥ problems. - - " ‘ ',\

, Effective use of a concept requires that.the ancillary knowledge about

the concept,become ultimately intuithe and habitua1ly used. MNeedless to




7 -

say, this requires adequate practice, but the right kind of précticg speti-
fically sudgested by the analysis of the concept. ‘Furthermore, exp]icit
aWaneness of this anci]lany hnouledge:can be -useful .to 'students, even after
A concept has, beconesintuitive]y familiar, since-such explicit knculedde\
helps to debug errors or to cope\w1th novel situations. r
I have’recent]y tried to exploit some of these teaching gu1de11nes 1nj,,’
actual classnoom situations. This exper1ence indicates that explicit o
teaching apnroaches based on the analysis in this paper can be very usefu]
in practice. -For examp]e, it 1s very he]pfu] to ask students to verba]1ze
and appﬂyménocgdure for 1dent1fy1ng concepts. It also helps avo1d many
confusions to ins;stfthat students use full verbaT~expressions (such as
5force-on what_*x_what“) However, the implementation of teach1ng pro-
cedures based on "sych an. exp11c1t ana]ys1s reveals also part1cu1ar1y clear]y
. sope general issues and d1ff1cu1t1es inherent in any teaching process,.
issues which are worthy of further, study in their own right. |
_Teaching conceptual learning skjljs.. The preceding comments have

-

dealt uith the teaching of Qarticula concepts or princibles. A much more

amb1t1ous 1nstruct1ona1 goal would involve teach1ng students the genera]

-

sk113 enab11ng them to learn effect1ve1y __x_new]y encpuntered concept or
principle. " The anatys1s presented in the preceding pages, as summar1zed

in Table 1, is again bas1c to the systemat1c teachtng of such a genera]
learning ski]]:fi&ut now.students would have to be taught ‘the genenal
_anci]tary knowledge required to make any concept or princible‘effectively .
usab]e; and would themselves have.to translate'this’generaj knowledge into
specific knowledge about any,particu]ar.concept. This is clearly a much.

-

more ditficult teaching task, but one of great importance. Indeed, suc-
® - : - ‘.

cessful imp]ementatiOn of: such instruction wou]d'nake studéents better

. , — s : - “
. . ~—




1nde9eﬁdent learners, whe know expl1c1t1y what they need to\\fudy to ach1eve

° ”

i competent use of any new concept A .-
£ - There is ev1dence thatvsuch 1nstruct1on can be successfu]ly implemen-
A . .

w\ ted 1n,p\act1ce. For examp]e, a few years‘agoﬂsgmg,sollaborators andc« .

L4

myse]f]4, using a rather rudimentary'hnalysis of cdhcept 1ea;ning and sdme
very pr1m1t1ve teaching methods based on tnis analys1s were able to show
- that students could be taught to becdme f1gn1f1cant1y better 1ndependent«
]earners of new-concepts. The more: extensive ana]ys1s presented in the
preceding pagess; together with more exp11c1t teaching methods, promises to

lead to much more.effective teach1ng<yﬁsuch genera] conceptuq?l1earn1ng

« s._kﬂ]‘s. 3 N . g . L , . 3.' % .
, w. . ot ) ) oo
. ‘ »;{ ) . Q / : v :
h L. Acknowledgment oo
. I am. indepted £6 Dr.,Joan I. 'Hejler for useful comments.- This’ddrk’
T was pa;txally supported by the Nat1ona1<5c1ence Fouddet1on under«érant
No.. SED 79-20592." - B ’ - Lo
o . - o X o
. ' ; ~
rs ! ) . \
.. \ ‘ “fA




(1)

/

4 (2)

)¢

(7)
(8)
(9)

% ) (]0)

(3)

(a)

3 =

: the Jearning of classical mechanics. American Journal of Physics 1980,

© 48, 1074-1079.
(6)°

,independent variables. . ) .
4

26

Footnotes
Viennot, L. Spontaneoué reasoningi;1é1emEntary dynamics. European

Journa] of Sc1ence Educat1on 1979, 1., 250 221

Trowbridge D. E. & McDermott L C. Investigat1on of- student under-

standing of the concept of Veloc1ty in one dimension. American Journal

fPhysw 1980 48, 1020-1028. - *
Trowbridge, D. E‘ & McDermott L C. Investwgat1on of student under-

standing of the concept of acceleration in one dimension. Americgn

-

Journal of Physi¢s, 1981, 49, 247-263, ¢

McCloskey, M., Caramazza, A., & Green, Buf Curvilinear motion im the

L)

absence of external forcesi ﬂaive be]iefs»igout the hbtion of objects(

/~uScﬂence 1980, 210, 1129- 1141

Champagne, A. B., Klopfer, L. ﬁ., & Anderson, J. H. Factors affecting -

-

’
1

C]ement, J. Students preconcept1ons in 1ntroductory mechan1cs Ameri-

can-Journal, of Physics; 1982, §g, 66-71. . ¢ :
x ) j ,
diSessa, A. A. Un]earning«Aristotelian physics'iA“studyfof‘knowledge-

based 1'earm‘ng Cognitive Science, 1982, 6, 37- 75 | Lo

Reif, F. Teachlng problem solv1ng or other cogn1t1ve skills: A scien-

t1f1t approach The PhysiCS Teacher, 1981, 19, 310- 3]6.

Re1f F. & Heller, J. I.t "Knowledge structure and problem solving in ‘A'

physics. Educational Psychologist, 1982 17, 102 127. - ¢
A property is thus, in & generalized sense, a mathematical function

assocfating a unique value of a variable tg any set of values of some




27,

e

(11) Larkin, J. H. & Reif, F. Understanding and teaching problem solving
in physics. European Journal of Science Education, 1979; 1, 191-203.
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. - ‘ Table 1 I 4 ,

. . ) Interpretation of a concept

- —

- »
- . :

* Specification ' A *

, - * Specification of’concept
* éummary description
4 * Informal description
- . * Procedural specification
* App]icabi]ity coPditions
* SBgCification of concept v_:qlueso
i ' * Indreéignis and symbolic expression -
(elements specifying type, unf%é) Coe .

* Possible values (and typical values) ‘ .

* Specification of independent variables
* Basic independent variables and symbolic expression

* Relevant properties-of inéependent variables .

* Instantiation . « 7

* Various values of independent variables and of their proberties- .

* Various symbolic representations ' s .

S

~* Error prevention

* Warnings about 1ike1& errors (see Table 2) . '

* Discrimination between each error and -correct case

\
)

* Helpful symbolism v




: " Table 2 i
\ Likely Evrors .
* Trrors| in specifitation of concept

o

* Gqfss'confusions

-

1

\* Confusion with concept denoted by similar s
*

ymbo1l . .
Confusion with concept describing different features of - S
\ same situetion ‘ '.f}““ ]
- * Erfors in specification rules s . .
r \*\gyroqf in applicability conditions CoT B
. T ‘ | : \‘:. _
* Errors in lpecification of values - - - :
* Errors\in specifying ingredients . ,

* Errors fin possible-values

0

* Errors in spedification of independent variables




' “Figure Captions

- Pl

"Figure 1.  Diagram i]lustratihg_specifiéation of the concept "acceleration".
¥ ) . -
Figure 2. Findipg the component of a vector ¥ along. a direction i.

Figure 3. Various instances of the concept "acceleration”.
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